Abstract. In this paper, we prove Hamilton's Harnack inequality and Hamilton type gradient estimates of the logarithmic heat kernel for the Witten Laplacian on complete Riemainnian manifolds. As application, we prove the Wentropy formula for the Witten Laplacian on complete Riemannian manifolds with natural Bakry-Emery Ricci curvature condition. We also prove a family of logarithmic Sobolev inequalities on complete Riemannian manifolds with µ-bounded geometry condition.
Introduction
In a seminal paper [41] , Perelman proved the W -entropy formula for the Ricci flow on compact manifolds. As a consequence, the W -entropy of the Ricci flow is nondecreasing in time and the monotonicity is strict except that M is a shrinking Ricci solitons, i.e., for some f ∈ C ∞ (M ) and τ > 0, it holds Ric + ∇ 2 f = g 2τ .
As was pointed out in [41] , this result "removes the major stumbling block in Hamilton's approach to geometrization". See also [8, 10, 21, 35] . During recent years, many people have established the W -entropy formula for various geometric evolution equations [9, 28, 29, 39, 40, 14, 31, 23] . In [39, 40] , Ni proved an analogue of Perelman's W -entropy formula for the linear heat equation associated with the LaplaceBeltrami operator on complete Riemannian manifolds with fixed Riemannian metrics. More precisely, let M be an n-dimensional complete Riemannian manifold with a fixed Riemannian metric g, and let u(x, τ ) = e −f (x,τ ) (4πτ ) n/2 be the heat kernel to the heat equation Under some technical assumptions, Ni [39, 40] proved the following entropy formula
which implies that W (u, τ ) is decreasing in τ on complete Riemannian manifolds with nonnegative Ricci curvature. See also [11] .
In our previous paper [28] , the author further extended the W -entropy formula to the heat equation associated with the Witten Laplacian on complete Riemannian manifolds. More precisely, let M be a complete Riemannian manifold with a fixed Riemnnian metric g, φ ∈ C 2 (M ) and dµ = e −φ dv, where v is the Riemannian volume measure on (M, g), and let L = ∆ − ∇φ · ∇ be the Witten Laplacian on (M, g) with respect to the weighted volume measure µ. Following [5, 32, 25] , we introduce the m-dimensional Bakry-Emery Ricci curvature on (M, g, φ) by In [28] , the author introduced the W -entropy for the Witten Laplacian by
and proved that
where u = e −f (4πt) m/2 . Moreover, it was proved in [28] that the following W -entropy formula holds if u = e −f (4πt) m/2 is the heat kernel of the Witten Laplacian on complete Riemannian manifolds satisfying the so-called µ-bounded geometry condition
As a consequence, if (M, g, φ) satisfies the µ-bounded geometry condition and
then the W -entropy is non-decreasing in time t, i.e.,
which extends the above result due to Ni [39, 40] . Moreover, under the above conditions, the author proved that d dt W m (u, t) = 0 for some t > 0 if and only if M is isometric to R n , m = n, φ is a constant, L = ∆, and u is the standard Gaussian heat kernel on R n . When m ∈ N, consider the warped product metric on M n × S m−n defined by
where S m−n is the unit sphere in R m−n+1 with the standard metric g S m−n . By a classical result in Riemaniann geometry, the quantity Ric m,n (L) is equal to the Ricci curvature of the above warped product metric g on M n × S m−n along the horizontal vector fields. See [32, 25, 49] and reference therein. Thus, the m-dimensional Bakry-Emery Ricci curvature Ric m,n (L) has a very natural geometric interpretation. On the other hand, according to [28] , we say that (M, g, φ) satisfies the µ-bounded geometry condition, if the Riemannian curvature tensor as well as its first and second order derivatives are uniformly bounded, φ ∈ C 4 (M ) with ∇φ ∈ C 3 b (M ), and the µ-volume of the geodesic balls of a fixed radius r 0 > 0 is uniformly bounded from below by a positive constant with respect to their centers, i.e.,
It is easy to see that the uniformly volume lower bound condition (4) implies that the total µ-volume of M is infinity if M is non-compact. This excludes the case where µ is a probability measure on M . Moreover, by Theorem 2.8 in [27] , on complete Riemannian manifolds with Ric m,n (L) ≥ −K for some constant K ≥ 0 and with the uniformly lower bound condition (4), the following Sobolev inequality holds
Thus, at least from a geometric and analytic point of view, the uniformly volume lower bound condition (4) is too restrictive for the validity of the W -entropy formula (3) for the Witten Laplacian on complete Riemannian manifolds. It is very natural to ask the question whether the W -entropy formula (3) remains valid on complete Riemannian manifolds without assuming the uniformly volume lower bound condition (4). This is certainly an important issue in view of an extensive interest on the study of geometry and analysis on complete Riemannian manifolds with smooth weighted volume measures [5, 6, 16, 25, 28, 29, 38, 49, 48, 36, 37] . The purpose of this paper is to prove the W -entropy formula for the Witten Laplacian on complete Riemannian manifolds with more natural geometric conditions in which one need not to assume the uniform lower bound condition (4) . Indeed, after the paper [28] was accepted, we observed that the uniform volume lower bound condition (4) can be removed. See the Note added in proof of [28] . Our observation is essentially based on the fact that one can prove some Hamilton type gradient estimates for the logarithmic of the heat kernel of the Witten Laplacian on complete Riemannian manifolds on which one need not to assume the uniform volume lower bound condition (4). In [28] , the author obtained these type gradient estimates on complete Riemannian manifolds satisfying the µ-bounded geometry condition. In this paper, we prove Hamilton's Harnack inequality for all bounded and positive solutions to the heat equation of the Witten Laplacian and prove the Hamilton type gradient estimates of the logarithmic of the heat kernel for the Witten Laplacian on complete Riemannian manifolds with natural geometric conditions. As application, we derive the Wentropy formula and prove the rigidity theorem of the W -entropy for the Witten Laplacian on complete Riemannian manifolds with natural Bakry-Emery curvature condition.
The rest of this paper is organized as follows. In Section 2, we state the main results of this paper. In Section 3, we prove Hamilton's Harnack inequality for the Witten Laplacian on complete Riemanian manifolds. In Section 4, we prove the Hamilton type gradient estimates of the logarithmic heat kernel of the Witten Laplacian using a method of stochastic analysis. In Section 5, we prove the W -entropy formula and derive the monotonicity and rigidity theorem of the W -entropy for the Witten Laplacian on complete Riemannian manifolds with natural Bakry-Emery Ricci curvature condition. In Section 6, we prove a family of logarithmic Sobolev inequalities on complete Riemannian manifolds with µ-bounded geometry condition. In Section 7, we give an analytic proof of the first order gradient estimate of the logarithmic heat kernel of the Witten Laplacian operator. In Section 8 we develop another probabilistic approach to the Hamilton type Harnack inequality for the Witten Laplacian on complete Riemanian manifolds.
Statement of the main results
Let (M, g) be a complete Riemannian manifold, f ∈ C 2 (M ) and dµ = e −f dv, where dv denotes the Riemannian volume measure on (M, g). For all u, v ∈ C ∞ 0 (M ), the following integration by parts formula holds
where L = ∆ − ∇φ · ∇ is the Witten Laplacian on (M, g, φ). In [5] , Bakry and Emery proved that for all u ∈ C ∞ 0 (M ),
The formula (5) can be viewed as a natural extension of the Bochner-Weitzenböck formula. The quantity Ric + ∇ 2 φ, which is called in the literature the Bakry-Emery Ricci curvature on the weighted Riemannian manifolds (M, g, φ), and plays as a good substitute of the Ricci curvature in many problems in comparison geometry and analysis on complete Riemannian manifolds with smooth weighted volume measures. See [5, 16, 25, 28, 29, 38, 49, 36, 37] and reference therein.
Consider the heat equation
The heat kernel p t (x, y) to the heat equation (6) is defined by
We now state the main results of this paper. The first result of this paper is the following Hamilton's Harnack inequality for the heat equation of the Witten Laplacian on complete Riemannian manifolds.
Theorem 2.1 Let M be a complete Riemannian manifold, and φ ∈ C 2 (M ). Suppose that there exists a constant K ≥ 0 such that
Let u be a positive and bounded solution to the heat equation
Then for all x ∈ M and t > 0,
where
As a corollary of Theorem 2.1, we can derive the following gradient estimate and the Liouville theorem due to Brighton [7] . See also Remark 3.4 below. 
The following two results provide us with the Hamilton type gradient estimates of the logarithmic heat kernel of the Witten Laplacian on complete Riemannian manifolds with natural geometric conditions. Theorem 2.3 Let M be a complete Riemannian manifolds, and φ ∈ C 2 (M ). Suppose that there exist some constant m ≥ n and K ≥ 0 such that
Then, for all T > 0, there exists a constant C(K, m, n, T ) > 0 such that
holds for all x, y ∈ M and t ∈ (0, T ].
Based on Theorem 2.3 and Theorem 2.4, we have the following result on the W -entropy for the Witten Laplacian on complete Riemannian manifold, which improves a previous result obtained in [28] .
be the heat kernel of the heat equation
Then, for all t > 0, we have the following entropy formula
.
As a consequence of the above W -entropy formula, we have the following monotonicity and rigidity theorem for the W -entropy for the Witten Laplacian on complete Riemannian manifolds, which also improves the previous result obtained in [28] .
That is, W m (u, t) is non-increasing in time t. Moreover, W m (u, t) attains its minimum at some point t 0 > 0, i.e.,
holds at t = t 0 , if and only if (M, g) is isometric to Euclidean space R n , m = n, φ ≡ C for a constant C ∈ R, and
The following result says that the uniform µ-volume lower bound condition (4) is indeed an important condition which implies the validity of a family of logarithmic Sobolev inequalities on complete Riemannian manifolds with µ-bounded geometry condition.
Theorem 2.7 Let M be a complete Riemannian manifold, and φ ∈ C 2 (M ). Suppose that there exist some constants m ≥ n and K ≥ 0 such that Ric m,n (L) ≥ −K, and the uniform volume lower bound condition (4) holds, i.e., there exists a constant r 0 > 0 such that
Then, for any τ > 0, the following logarithmic Sobolev inequality holds:
is a finite number.
Remark 2.8 When m ∈ N, as was pointed out in [28] , the quantity
defined in (1) is the difference of the Bolztmann-Shannon-Nash entropy
of the time t-heat kernel measure udµ on (M, g) and the Bolztmann-Shannon-Nash entropy
of the time t-Gaussian measure γ m (·, t) on R m , where
This observation together with the definition formula (1), i.e.,
gives a probabilistic interpretation of the W -entropy functional (2) for the Witten Laplacian on complete Riemannian manifolds. See also [28] for the probabilistic interpretation of Perelman's W -entropy for the Ricci flow. [20] and Stroock-Turesky [44] . In the case where L = ∆ is the Laplace-Beltrami operator on complete Riemannian manifolds with bounded geometry condition (in particular, the uniform volume lower bound condition (4) holds for µ = ν) and for small time t > 0, Theorem 2.3 is due to Engoulatov [15] . In [22, 13] , the authors proved the gradient estimates in Theorem 2.3 for L = ∆ on complete Riemannin manifolds with non-negative Ricci curvature.
Remark 2.10
In a very recent paper [30] , Songzi Li and the author gave a new proof of the W -entropy formula on complete Riemannian manifolds by using the warped metric product
on M × N , where (N, g N ) is any fixed compact Riemannian manifold of dimension m − n. This gives a natural geometric interpretation of the last term appeared in (3). See Remark 2.2 in [30] . Moreover, we extended the W -entropy formula to the heat equation of the time dependent Witten Laplacian on compact Riemannian manifolds on which the metrics {g(t), t ∈ [0, T ]} and the potential functions {φ(t), t ∈ [0, T ]} evolve along the m-dimensional Perelman Ricci flow and the conjugate heat equation
In this case, without assuming Ric m,n (L) ≥ 0, we prove in [30] that the W -entropy for the positive solution of the forward heat equation
Hamilton's Harnack inequality
In this section we prove Hamilton's Harnack inequality for the Witten Laplacian. 
,
Proof. In compact case, we can prove it by the same argument as used by Hamilton [18] for the Laplace-Beltrami. Indeed, a direct calculation yields
We have
By the maximum principle, we have h(x, t) ≤ 0 for all time t > 0 and x ∈ M . This proves Theorem 3.1 in compact case. In general case of complete non-compact Riemannian manifolds with Ric(L) ≥ −K, we can give a probabilistic proof to Hamilton's Harnack inequality as follows. Indeed, on any complete Riemannian manifold M with Ric+∇ 2 φ ≥ K, a previous result due to Bakry [3] says that the L-diffusion process on M has infinity lifetime. Let X t be the L-diffusion process on M starting from X 0 = x. Applying Itô's formula to h(X t , T − t), t ∈ [0, T ], we have
where the second term in the right hand side is the Itô's stochastic integral with respect to a M -valued Brownian motion {W s , s ∈ [0, t]}. In particular, taking t = T , we obtain
Taking the expectation on both sides, the martingale property of Itô's integral implies that
As h(y, 0) ≤ 0 for all y ∈ M , we derive that h(x, T ) ≤ 0 for all T > 0 and x ∈ M . This finishes the proof of Theorem 3.1 on complete non-compact Riemannian manifolds.
An alternative proof of Theorem 3.1. By [4, 6, 48] , we know that Ric(L) = Ric+∇ 2 φ ≥ −K holds if and only the following version of logarithmic Sobolev inequality holds: for all
Replacing f by P t f and using the fact that 0 < P t f (x) ≤ A for all x ∈ M , one has
Taking t → 0 + we have
The proof of Theorem 3.1 is completed.
Remark 3.2 As was pointed out in Section 1, Theorem 2.1 was first proved by Hamilton [18] for the heat equation of the Laplace-Beltrami operator on compact Riemannian manifolds and was extended to complete Riemannian manifolds with Ricci curvature bounded from below by Kotschwar [22] . For a probabilistic proof of Hamilton's Harnack inequality for L = ∆ on compact or complete Riemannian manifolds, see [1] . The local version of Theorem 2.1 for the Laplace-Beltrami operator was proved by Souplet-Zhang [43] . In 
where A := sup{u(t, x) : x ∈ M, t ≥ 0}. Note that the Harnack inequality (7) is stronger than (8) . See also Section 8 for another probabilistic proof of the Hamilton type Harnack inequality for the Witten Laplacian on complete Riemannian manifolds.
As a corollary of the above theorem, we can derive the following gradient estimate and the Liouville theorem due to Brighton [7] for bounded L-harmonic functions.
where A = sup u − inf u. In particular, if Ric(L) = Ric + ∇ 2 φ ≥ 0, then every bounded L-harmonic function must be constant.
Proof. Applying (8) to u(t, x) = u(x) − inf u, x ∈ M , t > 0, we have
Taking T → ∞, we derive (9) . In particular, if K = 0, we have |∇ log u| = 0. This finishes the proof of Corollary 3.3.
Remark 3.4
In the case L = ∆, Yau [46] proved that, on complete Riemannian manifolds with Ricci curvature bounded below by −K, i.e., Ric ≥ K, every harmonic function which is bounded below by a constant satisfies the gradient estimate
In particular, Yau [46] proved the Strong Liouville theorem holds: On complete Riemannian manifolds with non-negative Ricci curvature, every positive (and hence bounded) harmonic function must be constant. See also [45] . In [25] , the author extended Yau's gradient estimate and Strong Liouville theorem to the L-harmonic functions on complete Riemnnian manifolds via the Bakry-Emery Ricci curvature: Suppose that Ric m,n (L) ≥ −K for some constant K ≥ 0. Then every L-harmonic function u, which is bounded from below, satisfies the following gradient estimate
In particular, if Ric m,n (L) ≥ 0, then all positive (and hence bounded) L-harmonic functions must be constant. In [26] , the local gradient estimates was proved for L-harmonic functions:
and R > 0, we have
In [7] , Brighton proved that, on complete Riemannian manifolds with Ric + ∇ 2 φ ≥ 0, every bounded L-harmonic function must be constant, i.e., Corollary 2.2. Our method for the proof of Corollary 2.2 is different from [7] . For more recent results, see [36, 37] .
Gradient estimates of the heat kernel
In this section we use a probabilistic approach to prove Theorem 2.3 and Theorem 2.4. Our proof is inspired by previous works initialed by Sheu [42] , and developed by Hsu [20] and Engoulatov [15] . An alternative proof of Theorem 2.3 is given in Section 8 below.
Let O(M ) be the orthogonal frame bundle over M , π : O(M ) → M the canonical projection map. Let H 1 , . . . , H n be the canonical horizonal vector fields on O(M ). Let B t be the standard Brownian motion on R n . Following Malliavin [33, 34] , we define the horizontal L-diffusion process U t on O(M ) by the following Stratonovich SDE on O(M ):
where ∇ H φ denotes the horizontal lift of the gradient vector field ∇φ on O(M ), which is the unique horizontal vector field on O(M ) such that
Then X t is a diffusion process on M with infinitesimal generator L. Moreover, we have
Fix T > 0. Let P x,y,T be the conditional L-diffusion processes starting from x and ending at y t time T , i.e.,
By the Grirsanov transformation, we have
is the natural σ-filed generated by X t . By Itô's formula, we have
Note that J(t, u) satisfies the Hamilton-Jacobi equation
which yields
It follows, by Girsanov's theorem, that the process
is a Brownian motion under P x,y,T . Substituting (13) into 10) and (11), we have the following lemma.
Lemma 4.1
The conditional L-diffusion process X t on M staring from x with terminal end y at the time T , and its horizontal lift U t , are the solutions of the following Stratonovich SDEs:
where b t is a standard Brownian motion on R n under P x,y,T .
Proposition 4.2 For all 0 < t < T , we have
Proof. By Lemma 4.1 and Itô's formula, we have
By the generalized Bochner-Weitzenböck formula, the action of the horizontal Witten Lapla-
On the other hand, using the Hamilton-Jacobi equation (12), we have
Combining this with the previous calculation, we have
Taking expectation with respect to E x,y,T , we complete the proof of Proposition 4.2.
Proof. Based on Proposition 4.2, the proof of Proposition 4.3 is similar to the argument used in [20, 15] . For the convenience of the reader, we give the detail here. Under the condition Ric + ∇ 2 φ ≥ −K, integrating (14) from 0 to t, we have
Integrating again with respect to t we can obtain
By Itô's formula and the Hamilton-Jacobi equation (12), we have
Taking expectation with respect to E x,y,T and integrating from t = 0 to t = T /2, we get
Combining (16) with (17), we finish the proof of (15).
Proposition 4.4 Suppose that there exist some constants m ≥ n, m ∈ N and K ≥ 0 such that Ric m,n (L) ≥ −K. Then, for any small ε > 0, there exist some constants C i = C i (m, n, K, ε) > 0, i = 1, 2, such that for all x, y ∈ M and t > 0,
where α is a constant depending only on m, and
Proof. The lower bound estimate (19) has proved in [28] . By Theorem 5.4 in [25] , for all ε > 0, there exists a constant
Similarly to [25] (Step 2 of p. 1324), using the Bishop-Gromov relative volume comparison theorem [38, 25] , we have
where V m,K (r) denotes the volume of geodesic balls of radius r in the m-dimensional hyperbolic space form H m (K) of constant sectional curvature K/m − 1. Using again the Bishop-Gromov volume comparison theorem on H m (K), we have
By (20) and (21), we can obtain the upper bound estimate (18) .
Proof of Theorem 2.3. By Proposition 4.4, we have
The Bishop-Gromov volume comparison theorem ( [38, 25] ) implies
Using (22), (23) and the elementary inequality x/ sinh x ≥ e −x , we obtain log p t/2 (X t/2 , y) 
where C 1 > 0 is a constant depending only on ∇ i Ω ∞ and ∇ i φ ∞ , i = 1, . . . , |I|. By induction, and using (25) , (26), (27) , (28) and (29), we can prove that for all I with 2 ≤ |I| ≤ N ,
and for all I with |I| ≤ N ,
where C 2 and C 3 are two constants depending on K, m, n, T and C 1 . The proof of Theorem 2.4 is completed. For the detail of the above induction argument for L = ∆ on compact Riemannian manifolds, see Hsu [20] .
Proofs of Theorem 2.and Theorem 2.6
Let
be the Boltzmann-Shannon-Nash entropy of the heat equation of the Witten Laplacian on (M, g, µ). To prove Theorem 2.5 and Theorem 2.6, we need the following entropy dissipation formulas for the Witten Laplacian on complete Riemannian manifolds.
Theorem 5.1 ( [28] ) Let M be a complete Riemannian manifold, and φ ∈ C 2 (M ). Suppose that there exists a constant K ≥ 0 such that
Then, for any positive solution to the heat equation
, where o ∈ M is any fixed point, we have
Theorem 5.2 Let (M, g) be an n-dimensional complete Riemannian manifold. Suppose that ∇ k Riem ≤ C k for some constant C k > 0, 0 ≤ k ≤ 3, φ ∈ C 4 (M ) with ∇φ ∈ C In this section, we use Hamilton's Harnack inequality to give an analytic proof of Theorem 2.3. This proof is similar to the one given in [22, 13] for the first order gradient estimate of the logarithmic heat kernel of the Laplace-Beltrami operator on complete Riemannian manifolds with non-negative Ricci curvature. Analytic proof of Theorem 2.3. Fix T > 0, and let u(t, x) be a positive and bounded solution to the heat equation ∂ t u = Lu, t ∈ (0, t 1 ). Let 
Let s ∈ (0, T ], y ∈ M , t 1 = s/2 and u(t, x) = p s/2+t (x, y). By (42), (18) and (19), we have t|∇ x log p s/2+t (x, y)| 2 ≤ C K,m,T (1 + Kt)
µ(B(y, s/2 + t)) µ(B(y, s/2)) exp C 3 d 2 (x, y) s/2 + t + C 4 d(x, y) .
In particular, taking t = s/2 and changing s by t we get This finishes the analytic proof of Theorem 2.3.
Another probabilistic approach to the Hamilton type Harnack inequality
In this section we develop another probabilistic approach to the Hamilton type Harnack inequality for the Witten Laplacian on complete Riemanian manifolds. Let X t be the L-diffusion process on M , and let U t its horizontal lift to O(M ). Let F t = σ(X s , s ≤ t) be the natural complete σ-filed generated by X t . Let u be a positive solution of the heat equation
Fix T > 0. Let J(t, x) = log u(T − t, πr), ∀r ∈ O(M ), t ∈ [0, T ]. Now we introduce the following Doob h-transform for the L-diffusion process X t on M . Let P x,T be the law of the conditional L-diffusion process starting from x and with transition density E x,T (ξ) =
